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Abstract
We show that the Baumslag–Solitar relation xn = yxmy−1 cannot hold in a nondegenerate way
in the fundamental group of an orientable 3-manifold. This generalizes a result proved by Jaco and
Shalen for the case of a Haken manifold. The generalization uses the general version of the Torus
Theorem, the proof of which was completed by Casson and Jungreich and Gabai. Ó 2001 Elsevier
Science B.V. All rights reserved.
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We shall give a proof of the following result:
Theorem 1. LetM be a connected, orientable 3-manifold. Suppose that there are elements
x, y ∈ pi1(M) and nonzero integers m and n such that xn = yxmy−1. Then either
(i) x has finite order, or
(ii) m=±n.
It is to be understood that a “manifold” may have a boundary. By pi1(M) we mean the
fundamental group ofM with respect to an unnamed base point; all the statements we shall
make involving pi1(M) are independent of the choice of a base point.
Theorem 1 may be interpreted as saying that whenm 6= ±n, the Baumslag–Solitar group
B(m,n) = |ξ, η: ξn = ηξmη−1〉 cannot be mapped homomorphically into pi1(M) except
in a degenerate way.
The theorem was proved in [5, Theorem VI.2.1] in the special case where M is a Haken
manifold. (In this case pi1(M) is torsion-free, and so alternative (i) of the conclusion says
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that x = 1.) The proof of the general result that I shall present here combines [5, Theo-
rem VI.2.1] with the general version of the Torus Theorem, the proof of which is one of
the major recent breakthroughs in 3-manifold theory.
Torus Theorem. Let M be a compact, connected, orientable, irreducible 3-manifold.
Suppose that pi1(M) has a free Abelian subgroup of rank 2. Then either
(i) M contains a torus T such that the inclusion homomorphism pi1(T )→ pi1(M) is
injective, or
(ii) M is a Seifert fibered space.
The Torus Theorem was proved in [6] and in [5] in the special case in which M is
a Haken manifold. This case of the theorem, which was an improvement on an earlier,
unpublished version due to Waldhausen, was deduced as a corollary to the Characteristic
Submanifold Theorem for Haken manifolds, which was also proved in [6,5]. The proof of
the general version of the Torus Theorem begins with a theorem of Scott’s [11], which
asserts that under the hypothesis of the Torus Theorem, either conclusion (i) holds or
pi1(M) has an infinite cyclic normal subgroup. This reduces the proof to that of the
Seifert Fibered Space Theorem. Let M be a compact, connected, orientable, irreducible
3-manifold. Suppose that pi1(M) has an infinite cyclic normal subgroup. Then M is a
Seifert fibered space.
The proof of the Seifert fibered space theorem, which was completed by Gabai [2] and
Casson and Jungreis in [1], builds both on Waldhausen’s proof for the special case of a
Haken manifold [14], and on a number of remarkable results due to other authors, notably
Mess [8], Scott [12] and Tukia [13].
The proof of [5, Theorem VI.2.1] was offered as a sample of how one can obtain
restrictions about the groups that arise as fundamental groups of Haken manifolds by
using the characteristic submanifold theory. Thus, proving Theorem 1 is a natural way
of illustrating the applicability of the general version of the Torus Theorem to the study
of 3-manifold groups. The details of the arguments needed to do this turn out to be
amusing.
In addition to the results that I have mentioned, the proof of Theorem 1 relies on the
following basic fact:
Compact Realization Theorem. LetM be a connected, orientable 3-manifold, and let K
be a subgroup of pi1(M) which is finitely generated and is not isomorphic to a free product
of two nontrivial groups. Then there is a compact, orientable, irreducible 3-manifold M0
with pi1(M0)∼=K .
Proof. IfK is the trivial subgroup we may takeM0 = S3. Now assume thatK is nontrivial,
and let M˜ denote the covering space of M corresponding to the subgroup K of pi1(M).
Since pi1(M˜) is not isomorphic to a nontrivial free product, it follows from the main
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result of [9] (a result proved independently by Scott and Shalen and building on a result of
Jaco’s [4]), that M˜ has a compact core: this means that there is a compact, connected 3-
dimensional submanifoldN of M˜ such that the inclusion homomorphismpi1(N)→ pi1(M˜)
is an isomorphism. (According to a more difficult result proved by Scott in [9], a compact
core exists even in a 3-manifold whose fundamental group is a nontrivial free product; this
result is not needed here.) Now by the Kneser Finiteness Theorem [3, Theorem 3.15], N
is homeomorphic to a connected sum N1# · · ·#Nk , where each of the compact 3-manifolds
Ni is either irreducible or homeomorphic to S1 × S2. Since pi1(M˜)∼=K is nontrivial but
is not a free product of two nontrivial subgroups, exactly one of the Ni , say N1, fails to
be simply connected. We now have pi1(N1)∼=K , so that we may take M0 = N1 provided
that N1 is irreducible. The only other possibility is that N1 ∼= S1× S2; in this case we have
K ∼= Z, and we may take M0 = S1 ×D2. 2
In the proof of Theorem 1, it will also be convenient to use the following fact about
Seifert fibered spaces:
Lemma 2. Let Σ be a compact, irreducible, orientable Seifert fibered space such that
pi1(Σ) is infinite and has no rank-2 free Abelian subgroups. Then Σ is a solid torus.
Proof. First suppose that Σ is boundary-irreducible. In this case it follows from
Lemma II.4.2 of [5] that pi1(Σ) has an infinite cyclic normal subgroup N such that the
quotient group Φ = pi1(Σ)/N is a Fuchsian group in the sense defined in Chapter II,
Section 3 of [5], and furthermore that Φ is infinite. According to Lemma II.3.9 of [5], Φ
has an element of infinite order. Let x be an element of pi1(Σ) whose image in Φ has
infinite order. Then x2 centralizesN , and the image of x2 in Φ has infinite order; hence x2
and N generate a rank-2 free Abelian subgroup of pi1(Σ). This contradicts the hypothesis
of the lemma. Hence Σ is boundary-reducible. But an irreducible, boundary-reducible 3-
manifold, whose boundary components are all tori, is homeomorphic to a solid torus. 2
Proof of Theorem 1. Let A denote the subgroup of pi1(M) generated by x and y . Let
us first consider the relatively easy case in which A is a free product of two nontrivial
subgroups B and C. In this case we may assume after conjugation that x either lies in
one of the factors or is a reduced word of some even length 2k > 0. In the latter case the
conjugate elements xm and xn are respectively of length 2k|m| and 2k|n|; since elements of
strictly positive even length can be conjugate only if their lengths are equal, conclusion (ii)
of the theorem holds in this case. If x lies in a factor, say B , we claim that conclusion (i)
holds. Assume that it does not, so that xm and xn are nontrivial elements of B . Note that
y /∈ B , as otherwise x and y could not generate the nontrivial free product B ? C. Hence
yxmy−1 has odd length > 1, whereas xn has length 1. The relation xn = yxmy−1 now
yields a contradiction.
Thus we may assume that A is not isomorphic to the free product of two nontrivial
groups. According to the Compact Realization Theorem, there is a compact, irreducible,
orientable 3-manifold M0 such that pi1(M0) ∼= A. Thus we may replace M by M0 and
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assume, without loss of generality, that M is itself compact and irreducible, and that x and
y generate pi1(M). We may assume that pi1(M) is infinite, as otherwise conclusion (i) of
Theorem 1 holds. Now since M is orientable and irreducible, and has infinite fundamental
group, it follows by a standard corollary to the Sphere Theorem of Papakyriakopoulos [3,
Corollary 9.9] that pi1(M) is torsion-free.
If M is a Haken manifold, the conclusion of Theorem 1 follows from [5, Theo-
rem VI.2.1]. (Recall that a Haken manifold is by definition a compact, connected, ori-
entable, irreducible 3-manifold which contains a two-sided incompressible surface.)
We claim that, more generally, the conclusion of Theorem 1 holds whenever M is a
virtual Haken manifold, i.e., whenever M has a finite-sheeted covering space which is
a Haken manifold. To prove this, suppose that G is a finite-index subgroup of pi1(M)
such that G is isomorphic to the fundamental group of a Haken manifold, and suppose
that x, y ∈ pi1(M) satisfy the hypotheses of Theorem 1. Since xn = yxmy−1, it follows by
induction on k > 0 that xnk = ykxmky−k . Hence, choosing k so that xk, yk ∈G, and setting




0 . By [5, Theorem VI.2.1], we therefore
have either that x0 = 1, in which case x = 1 since pi1(M) is torsion-free, or |mk| = |nk|, in
which case |m| = |n|. This proves the claim. Thus we may assume that M is not a virtual
Haken manifold.
Recall that by [3, Lemma 6.6], if a closed, orientable, irreducible 3-manifold has
strictly positive first Betti number, then it is a Haken manifold. Thus we may assume that
H1(M;Z) is finite.
Now we claim that M is not a Seifert fibered space. Recall that M is irreducible and
that pi1(M) is infinite. If M were a Seifert fibered space, then it would have an irreducible
finite-sheeted covering space with strictly positive first Betti number. (This is an immediate
consequence of the fact that every 2-dimensional orbifold group has a finite-index subgroup
which is a surface group; see [7], specifically the statement of Proposition 7.12 and the
paragraph following it.) This covering space would then be a Haken manifold by the
previous paragraph, contradicting the fact that M is not virtually Haken.
Finally, since M contains no two-sided incompressible surface, in particular it contains
no incompressible torus. By the version of the Torus Theorem that was stated above, it
follows that pi1(M) contains no free Abelian subgroup of rank 2.
To complete the proof of Theorem 1, it therefore suffices to prove:
Lemma 3. Suppose that M is a compact, connected, orientable 3-manifold such that
H1(M;Z) is finite. Suppose that pi1(M) is torsion-free, but has no free Abelian subgroup
of rank 2. Suppose in addition that pi1(M) is generated by two elements x and y which
satisfy xn = yxmy−1 for some nonzero integers m and n. Then x = 1.
Proof. We reason by contradiction. Suppose that x 6= 1. Since pi1(M) is torsion-free, x
has infinite order. Let H denote the centralizer of x in pi1(M). We shall establish several
properties of the group H .
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Claim 1. The group H is locally cyclic, i.e., every finitely generated subgroup of H is
cyclic. (Since pi1(M) is torsion-free, this is equivalent to saying that H is isomorphic to a
subgroup of the additive group of rational numbers.)
Proof. To prove this claim, let z1, . . . , zn be elements ofH , and consider the subgroupH ′
of H generated by z1, . . . , zn, x . Then the infinite-order element x is a central element of
H ′; thus H ′ is infinite and has nontrivial center. In particular, H ′ is not a nontrivial free
product. By the Compact Realization Theorem, there is a compact, connected, orientable,
irreducible 3-manifoldN with pi1(N)∼=H ′. Since pi1(N) is torsion-free and has nontrivial
center, it follows from the Seifert Fibered Space Theorem that N is a Seifert fibered space.
But pi1(N) has no rank-2 free Abelian subgroups, since pi1(M) has none, and pi1(N)∼=H ′
is infinite. By Lemma 2, N is a solid torus, so that H ′ is cyclic. In particular the group
generated by z1, . . . , zn is cyclic. This proves Claim 1. 2
Claim 2. The groupH is root-closed in pi1(M). (This means that if an element z of pi1(M)
has a positive power in H then z ∈H .)
Proof. To prove this claim, suppose that z ∈ pi1(M) is an element such that zk ∈H , where
k > 0. If z = 1 then z ∈ H , so we may assume that z 6= 1. Since H is locally cyclic and
contains the nontrivial elements x and u= zk , there must be nonzero integers a and b such
that ua = xb. Since zak = xb, the subgroup H ′′ of pi1(M) generated by z and x has xb
as a central element of infinite order. Now, applying the same argument to H ′′ that was
applied to H ′ in the proof of Claim 1, we conclude that H ′′ is cyclic. In particular it is
Abelian, so that z commutes with x . By the definition of H it follows that z ∈ H . This
proves Claim 2. 2
Claim 3. The group H is a normal subgroup of pi1(M).
Proof. To prove this claim, since x and y generate pi1(M), and since x ∈H , it suffices to
show that for any nontrivial element z ∈H we have yzy−1 ∈H and y−1zy ∈H . Since H
is locally cyclic there are nonzero integers a and b such that za = xb. Then(
yzy−1
)ma = (yxmy−1)b = xnb ∈H
and (
y−1zy
)na = (y−1xny)b = xmb ∈H.
Since H is root-closed it follows that yzy−1 and y−1zy belong to H . This proves
Claim 3. 2
Armed with this information about H , we shall now obtain a contradiction, thus
completing the proof of Lemma 3 (and hence that of Theorem 1). Since x and y generate
pi1(M), and since x belongs to the normal subgroup H , the quotient group pi1(M)/H is
cyclic. Since H1(M;Z) is finite, pi1(M)/H must be a finite cyclic group. In particular H
has finite index in pi1(M) and is therefore finitely generated. Since H is locally cyclic,
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it must in fact be a cyclic group. Thus pi1(M) is a nontrivial torsion-free group having a
cyclic subgroup of finite index. It follows that pi1(M) must itself be infinite cyclic. This
contradicts the finiteness of H1(M;Z). 2
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